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Abstract

Natural selection is used to examine a one-sided buyer auction market. With each trader’s
behavior preprogrammed with its own inherent and fixed probabilities of overpredicting,
predicting correctly and underpredicting the fundamental value of the asset, informational
efficiency occurs. If each buyer’s initial wealth is sufficiently small relative to the market supply
and if the variation in the asset’s random shock is sufficiently small, then as time gets
sufficiently large, the proportion of time, that the asset price is arbitrarily close to the
fundamental value, converges to one with probability one. This is established under a weak
restriction regarding traders’ behavior. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Traditionally, in the literature, the derivation of an informationally efficient
market has tended to rely on the presence of traders’ rational expectations, strategic
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usage of market information or adaptive learning behavior where noise traders
gradually become informed traders. However, due to individuals’ limited ability to
process and manage complex information, the assumption of rationality is
challenged. This further calls into question the achievement of market efficiency.
On the other hand, there is Friedman’s (1953) well-known conjecture that, because
noise traders will sooner or later lose money to the informed traders, the informed
traders will come to dominate the market and drive the asset price toward the
fundamental value. An intuitively appealing aspect of Friedman’s conjecture is the
idea of natural selection among traders.

The idea of abandoning rationality on the part of traders is consistent with a
growing literature in behavioral economics and finance. The behavioral approach
focuses on the behavior patterns drawn from psychological theory (e.g., Kahneman
et al., 1982). Often judgmental decisions are based on cognitive rules of thumb used
to simplify the decision-making process. Using such rules to assess uncertain events
and make predictions, often leads to systematic errors or biases. In the context of a
one-sided auction, such systematic errors take the form of consistent patterns of
predicting biases, which are captured by the probabilities of overpredicting and
underpredicting the asset value; these predicting probabilities become the key to
modeling traders’ behavior. In this paper it is assumed that traders are rather
unsophisticated and each trader consistently overpredicts or underpredicts with
some fixed probabilities. In an evolutionary sense, each trader is genetically
preprogrammed with its own inherent and fixed probabilities of overpredicting,
underpredicting and predicting correctly the asset value. Since a trader has a positive
probability of overpredicting or underpredicting the asset value, the trader has a
positive probability of acting upon noise as if it were information. Therefore, in this
sense, traders are called noise traders in this paper.

Within the context of a double-sided auction, Luo (1998, 2001) shows that with
no requirement of traders’ rationality such as rational expectations and
adaptive learning, natural selection among traders through redistribution of wealth
is sufficient to cause the convergence to an informationally efficient market. It is
noteworthy, however, that in the context of a double-sided auction, the allowance
for short sales implies that the supply of the asset is virtually elastic. While
the majority of financial markets adopts a double-sided auction market, there
is a significant number of markets which are essentially one-sided auction markets
with a perfectly inelastic supply. A key distinction between a one-sided and a double-
sided auction market is that traders in a double-sided auction market are allowed to
short sell. In a one-sided auction market, short sales are not possible because of the
lack of a secondary market. The absence of secondary markets often occurs in the
sale of short-term commercial paper, municipal notes, non-negotiable certificates of
deposit and private placements and sometimes occurs in markets for bonds (e.g.,
Japanese corporate bonds).! Other examples of one-sided auctions include the
leasing of mineral rights, the leasing of oil drilling permits and the leasing of timber

!'Sometimes, secondary markets do exist for commercial paper and private placements. But usually the
transaction costs of setting up these markets have proven to be prohibitive.
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rights.> The recent emergence of internet online purchasing provides some other
interesting examples.

There are three purposes of this paper. The first purpose is to show that the
market mechanism of a one-sided auction, itself, can promote an efficient outcome
through natural selection. To this end, this paper adopts the idea of natural
selection and formulates an evolutionary model of a one-sided buyer’s auction
market. It shows that even without a rationality assumption like rational
expectations or adaptive learning and even when each trader merely acts upon
its own inherent and fixed probabilities of overpredicting, predicting correctly
and underpredicting the asset value, an informationally efficient market can
occur. This stands in contrast with the conventional literature which states that an
efficient outcome is promoted through rational expectations or adaptive behavior on
the part of market participants (e.g., Grossman, 1976, 1978; Radner, 1979; Hellwig,
1980).

A second purpose of this paper is to identify, in the context of this evolutionary
approach, an alternative less restrictive condition for achievement of an efficient
outcome in the one-sided auction market other than the one used in the double-sided
auction market. For convergence to occur in the context of a double auction, Luo
(1998, 2001) requires that in each time period there is a positive probability that the
entering trader has an arbitrarily high probability of predicting the fundamental
value correctly. Furthermore, within the context of a double auction the allowance
for short sales implies that the supply of contracts is elastic. In contrast, in this paper,
the supply of the asset is perfectly inelastic and the market is a one-sided buyer
auction. For convergence to occur, a less restrictive condition is that there is a
positive probability in each time period that the entering trader has an arbitrarily low
probability of overpredicting the fundamental value and has a probability, of
predicting arbitrarily close to the fundamental value, being bounded away from zero
by a positive number. This result is very intuitive. If traders who overpredict with a
low probability (implying a small number of upward biases) are characterized as
being relatively risk averse (in a behavioral finance sense (e.g., Sitkin and Pablo,
1992), for convergence to occur, it is sufficient that there are enough traders with a
sufficiently degree of risk aversion. The importance of the presence of these risk
averse traders in the natural selection process leading to market efficiency, is
consistent with Barrow (1992) and Olsen (1998) who see decision attributes that
exhibit aversion to negative impacts (here caused by overpredicting) as having
evolutionary value in selecting the long run outcome.

Nevertheless, to obtain convergence to efficiency, competition among traders is
needed. That is, in a one-sided auction market where the market supply is perfectly
inelastic, competition means that each trader’s initial wealth must be sufficiently
small relative to the fixed market supply. However, it is remarkable that even when
there is a perfectly inelastic supply of the asset and even when the number of traders
increases over time, with each entering trader coming in with a finite amount of

2Other examples of auctions, where there is a fixed supply of an asset and no short sales, can be found in
both the theoretical and experimental economics literature (e.g., Wilson, 1979; Forsythe et al., 1982).
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wealth, the price can be eventually assured to remain in a small interval containing
the fundamental value.

A third purpose of this paper is to quantify the extent to which a variation in
movement of the underlying asset’s liquidation value around the fundamental value
influences the extent of convergence of the asset price to the fundamental value. This
paper, like Luo (2001), accounts for a random shock around the fundamental value.
This paper shows that, the bigger is the variation in the random shock about the
fundamental value, the bigger is the variation of the asset price about the
fundamental value.

The evolutionary approach in this paper stands in contrast with recent literature
which has analytically studied the impact of noise traders on the market price within
the context of rational models. For example, De Long et al. (1990) study an
overlapping generation model, where an informed trader and a noise trader both
maximize their expected utilities. They find that the noise trader can cause the
market price to deviate systematically away from its fundamental value.® For the
convergence of the asset price to the fundamental value, rationality models (where
utility or profit maximization occurs) sometimes rely on learning and imitation to
make uninformed traders become more informed. For example, Grossman (1978)
allows investors to acquire information about past distributions of prices which in
turn produces more informed investors. This has also been explored in the
experimental laboratory market. Plott and Sunder (1982) show that constant
replication allows a learning by traders which resembles a rational expectations
equilibrium.

Related literature in applying an evolutionary approach to examining market
behavior are Blume and Easley (1992), Biais and Shadur (1993) and Luo (1995).
Blume and Easley (1992) study a dynamic model of an asset market with a finite
number of traders with different investment rules. They find that the market can
select for an irrational rule and the market may not be efficient. Biais and Shadur
(1993) apply Darwinian dynamics to the selection of the number of informed traders
and noise traders based on their payoffs. They find that noise traders can persist in
the long run. The results in the above two papers have illustrated that the natural
selection in the market alone is not sufficient to generate an efficient market
outcome. Luo (1995) further shows that natural selection, in conjunction with
competition in the market, is sufficient to lead the market to select the most efficient
firms (those producing at or near the minimum efficient scale) and as a result the
market price converges to the perfectly competitive price.

This paper shows analytically that the market can reach an efficient market
outcome with the presence of irrational noise traders. The coexistence of market
efficiency and participants’ irrationality has also been illustrated in some recent
experimental literature as well. For example, Gode and Sunder (1993) design a series
of experiments to examine a double auction market where traders submit bids and
offers randomly. They find that allocation efficiency in the double auction can be

3Their results are partly due to the difference in the utility functions of both types of traders, the absence
of wealth accumulation and the absence of wealth flows between the two types of traders.
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generated from individual participants’ irrationality. Bosch and Sunder (1994)
design a similar series of experiments to examine multimarket double auctions. They
reach the same conclusion.

This paper is organized into four sections. Section 2 outlines the model. The
results can be found in the Section 3. Section 4 summarizes and concludes the paper.

2. The model

Consider a conventional dynamic asset market where a market maker supplies one
unit of a one-period risky asset each time period. Time is indexed by z, where
t =1,2,.... The asset market opens each time period. Traders can only buy shares of
the asset from the market maker at the market clearing asset price. Denote the
market clearing price at time s as p;, where s = 1,2, ... . No short selling is possible
in this framework. Hence, all traders are buyers. In the following sections, the terms
traders and buyers are used interchangeably. The risky asset is liquidated after the
asset market closes at the end of each time period.* Denote v, as the liquidation value
of the risky asset at the end of time period . It is assumed that v, = z, exp(w,), where
z, represents the fundamental liquidation value of the asset at time ¢ and determined
in the beginning of time ¢ and where w, is a random shock to the economy and
realized at the end of each time period ¢. It is assumed that the sequence {z;},-; isa
random sequence taking values from an interval [z,Z], where 0<z<Z< oo. The
sequence {w;},~ is assumed to be an i.i.d random sequence taking values from an
interval [—w, W], where 0 <w< o0, 0<w< oo and E(w,) = 0 for all ¢. It is assumed
that w,, where t = 1,2, ..., is independent of zy, where s=1.

2.1. Traders’ prediction errors

Traders enter the market sequentially over time. At the beginning of time period ¢,
where t = 1,2, ..., the fundamental value z, is determined, but it is unknown to all
market participants. At the beginning of time period ¢ after the fundamental value z,
is determined, only one trader (called trader 7) is allowed to enter the market and
participate along with previously entered traders in the asset market. Trader ¢ has a
prediction (or belief) about the fundamental liquidation value each time period.
Denote trader ¢’s prediction (or belief) about the fundamental liquidation value at
time s as b, where s>t Define trader #’s prediction error with respect to the
fundamental liquidation value at time s (s>7) as u! = b’ — z,.” It is assumed that u’. is
independent of zy, where s' > 1, and for all s> t,u’ e[—u, ul,® and furthermore, for trader
t=1,2,..., u is independently and identically distributed across times s =t + 1,1 +

s
“This one-sided buyer market with one unit of an asset being supplied each time period is also used in
Blume and Easley (1992).
SThis specification of beliefs or predictions is consistent with Grossman (1976, 1978), Figlewski (1978)
and Hellwig (1980).

®For negative predictions not to occur, the lower bound for predictions is constrained to zero. That is
bt = max[z; + u, 0].
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2, .... Hence, for any given positive ¢, denote
07 = Pr(u, > —1¢), 05 =Pr(—%e<u.< —) and 05 =Pr(u,< —3),

where superscript 7 indicates buyer 7. In other words, the variables 0/, 05 and 05 are
trader ¢’s probabilities of overpredicting, predicting correctly and underpredicting
the fundamental value. It is assumed that trader #'s prediction error distribution
characteristics (0}, 05) are randomly taken from the set @ = {(6;,602)e(0, 1) x
(0,1): ) 4+ 0, <1} according to a given distribution function F(-) in the beginning of
this trader’s entry period and 65 = 1 — 0] — 5. Once trader ¢’s vector (0,05, 65) is
determined in the beginning of trader #’s entry period, it is fixed thereafter in any
subsequent time period. Fig. 1 shows the timing of the above events.

The closer to zero a prediction error is, the more accurate the information is
reflected in the prediction. This way of modeling the trader’s beliefs reflects the fact
that different traders may receive different signals about the fundamental value of
the asset; or that, even though they receive the same signal, they may have different
abilities to process the same information. From a behavioral finance perspective, the
prediction error can be interpreted as a judgmental bias in the decision-making
process. Based on the psychology literature, this judgmental bias tends to be
displayed in a systematic pattern through time (see Tversky and Khaneman (1974)
and Proposition 2 regarding inertia of Sitkin and Pablo (1992)). For this reason, a
trader’s probabilities of overpredicting, predicting correctly and underpredicting is
modeled as being fixed through time. In contrast to some of the literature (e.g.,
Grossman, 1976, 1978; Figlewski, 1978; Hellwig, 1980), no precise assumptions are
made about the shape of the distribution of the prediction error or the mean or
variance of the prediction error.

Trader ’s prediction or belief at time s, where s>1, is generated from trader #’s
prediction error probability distribution characterized by the vector (61,05,05).
Trader ¢’s prediction or belief b’ at time s is this trader’s reservation price or bid,
indicating that trader ¢ is willing to buy the number of shares of the asset that his or
her wealth permits at a price no higher than b’ at time s. For this reason, the words
prediction and bid are used interchangeably.

The fundamental value z,is Random

determined, but unknown to all shockw, is
the buyers and the market maker realized
v v
| | | | |
| ] I 1 ] >
t 4 * t+1

Buyer t enters with The asset market opens
his prediction error and the asset price p,

distribution is d .
characterized by is determined

(0',.¢',.0%)

Fig. 1.
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Here, there is no strategic interaction or learning among traders taking place.
Traders merely act upon their predetermined probabilities of overpredicting,
predicting correctly and underpredicting the fundamental value. Using biological
language, one may think of the vector (0}, 03, 63) as trader ’s phenotype. This way of
modeling traders’ behavior isolates the impact of the market selection on traders’
wealth dynamics and highlights the role that market selection plays in promoting
long run market efficiency. Since each trader has a positive probability to
underpredict or overpredict the fundamental liquidation value, each trader has a
strictly positive probability of acting upon noise as if it were information.

For the simplicity, the following assumptions are used in this paper.

It is assumed that {(0,05)} >, is independently and identically distributed according
to the distribution function F(-) across traders t = 1,2, ....

It is also assumed that trader 7’s prediction error at time s, ul, where s=i>1, is
independent of trader j’s prediction error at time s', W, where s’ >j>1 and j#1i.

Furthermore, it is assumed that the random shock at time s, wg, where s=1, is
independent of trader t's prediction error at time ', u’,, where s =t>1.

Finally, define all the possible states of the world at time period ¢, where 1> 1, as
Q, = [~u,ul’ x [z,Z] X [~w,d] with a typical element &, = (u!, 12, ..., ul, 2, ;). & is
the state of the world at time ¢. Denote Q = [[,Z, @,. Let I denote the product o-
field on Q and let Pr(-) denote the product probability. The probability space is
(2,3,Pr(+). Let Q' = Hf’:l Q; for t=1. Then the typical element in the set Q' is

(51352’ vees 5[)

2.2. Traders’ wealth dynamics in the market process

Each trader is assumed to have initial endowment of wealth ¥ in his or her entry
time period. Each trader’s wealth at the end of a time period is defined as
accumulated profits up to the end of that time period. Denote trader #’s wealth at the
end of time period s (where s>¢>1) as V! and V! | = V,.” If trader ¢’s prediction or
bid at time s, where s>1, is b’, then trader s demand for shares of the asset in time
period s, where s>1, ¢, is®

VI
L_ly p\<b€9

Ds
qS(pS) |:07 S1:| > Ds = bga
07 pS > b;

7Alternatively, one can assume different initial endowments of wealth for all traders. However, the same
results with respect to convergence of the asset price will hold, provided that the initial endowment of
wealth for all entering traders is bounded from above.

8 For simplicity it is assumed that each trader potentially invests all of his or her wealth in each period.
The results of this paper would still hold if each trader spends only a fraction of his or her total wealth on
trading activity. A smaller fraction could reflect more risk aversion on the part of the trader.
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This demand function implies that if the asset price is below trader #’s prediction, this
trader is willing to purchase the number of shares that this trader’s wealth permits; if
the asset price is above trader #’s prediction, this trader is not willing to purchase any
share of the asset; if the asset price is equal to trader #’s prediction, this trader is
indifferent in purchasing any number of share lying between 0 and V! _, /p;.

A trader is said to be active at one time period if the trader has actually purchased
any shares at that time period. Therefore, if ¢/ > 0 then trader ¢ is active in the time
period s. If ¢} = 0 then trader ¢ is not active at time period s. A trader’s profit at the
end of time period s is (v — ps)g’. Hence, at the end of time period s, the wealth of
trader 7 is” V! = V' | + (vs — py)g.."°

2.3. The asset market equilibrium

The asset market mechanism is organized as a one-sided auction market structure.
The asset price is merely a Walrasian market clearing price. The asset market is
assumed to have no traders at time 0. After time O traders enter sequentially. Since
the traders” aggregate demand for the asset at time s is > _,_,(¢'(ps)) and since the
market supply of the asset in each time period is 1 unit, the market clearing price at
time s is the solution to the equation y_,_,(¢!(ps)) = 1.

Clearly, the solution to the above equation is unique due to the shape of the
traders’ demand functions and the vertical supply function of the asset from the
market maker.

All transactions are executed at the market clearing price. Traders with reservation
bids or predictions above p; will exhaust their wealth at time s. If the number of shares
of the asset demanded at the market clearing price exceeds the total supply of the asset;
and if there are traders whose reservation bids or predictions coincide with the market
clearing price, the market maker allocates the supply of the asset among those traders
proportionately to their wealth at the market clearing price.'" Therefore, all traders
with reservation bids equal to p; at time s may not exhaust all of their wealth.

As can be seen, the asset price py is a function of the realizations of zy, zj, ...,z
and wy, wy, ..., ws_1; and uf,ub, ..., ul, for all t<s; and V4. Hence, over time, the asset
price follows a very complicated stochastic process.

In this one-sided auction market, the market serves as a selection process that
evaluates all the traders with different prediction error distribution characteristics,
rewarding traders who place good bids with gains (more wealth) and punishing

1t is apparent that, given the demand function, any trader’s wealth can never be negative. This is due to
the fact that each trader begins with a positive level of initial wealth and short sales are not allowed.

10A related paper which examines the relationship between accuracy of agents’ predictions, wealth
accumulation and the convergence of prices to the true value, is Sandroni (2000).

"'That is, for trader ¢ where

t
Vx—l
- 7
ZI’EAM\ Vs—l

where A, = {{'| b,fv/ > ps} and My = {7 | bj,’ = ps}. It would not alter the results if any alternative method of
allocating shares of the asset is used in this situation.

bi = Ps, qg =

1- Zqi-']

teAs
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traders who place bad bids with losses (less wealth). The more wealth a trader has,
the more influence this trader has over the asset price. All traders impact the asset
price through their predictions and the wealth they possess.

This paper now uses the above evolutionary model of an asset market, to examine
the relationship between the asset price and the fundamental value. In this
exploration, one assumption is made about the distribution function F(-) from which
(67,05, 05) for all 7 are drawn. This assumption says that in each time period there is a
positive probability that an entering trader has an arbitrarily low probability of
overpredicting the fundamental value and has a probability, of predicting arbitrarily
close to the fundamental value, being bounded away from zero by a positive number.
Since this assumption characterizes the distribution of traders’ thetas ((0}, 05, 05) for
all ), this assumption is referred to as the 6-Assumption in the remainder of the
paper. More precisely,

0-Assumption. For any given small positive # and #’,

dF(0,,0,) > 0.

0<0,<n,
0>n'

This is not a very demanding assumption. It merely says that with a positive
probability (this probability could be extremely small), in each time period, the
entering trader overpredicts less often (as a result, making losses less often) than any
of previously entered traders. Note that the 6-Assumption does not mean that all
entering traders must overpredict less often than any of previously entered traders.
The key phrase in this assumption is “‘there is a positive probability” (this
probability could be very small) that the entering trader in each time period
overpredicts less often than any of previously entered traders.'?

Since in this one-sided auction, losses are possibly realized when overbidding
occurs, traders who overpredict with a sufficiently small probability can be viewed as
avoiding risk of making losses due to placing a high weight on negative outcomes;
hence, in the behavioral sense, such traders can be referred to as relatively risk averse
(see Schneider and Lopes, 1986; Sitkin and Pablo, 1992). For this reason, one may
interpret this assumption as an allowance for the entry of a sufficient number of
buyers with a sufficient degree of risk aversion, who have a positive probability
(however small) of bidding arbitrarily close to the fundamental value.

3. Convergence of the asset price to the fundamental value

This section shows analytically that with probability 1, if each trader’s initial
wealth is sufficiently small relative to the market asset supply and if the variation in
the random shock is sufficiently small, then as time gets large, the proportion of time,

2In fact, there can be a positive probability of traders with other types of predictive behavior. For
example, such trader types could enter with prediction behavior that imitates past successful traders (e.g.,
Lettau, 1997). Nevertheless, as long as the 6-Assumption holds, the presence of these types of traders
would not disrupt convergence.
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that the asset price lying in an arbitrarily small interval, containing the fundamental
value, converges to 1. This is shown in Theorem 3.

Before Theorem 3 is proven, two theorems are needed. Theorem 1 shows that the
proportion of time, that the asset price is below the fundamental value by at least a small
positive number ¢, converges to zero with probability 1. Theorem 2 shows that if each
trader’s initial wealth is sufficiently small relative to the market asset supply and if the
variation in the random shock to the economy is sufficiently small, then as time gets
sufficiently large, the proportion of time, that the asset price is above the fundamental
value by at least a small positive number ¢, converges to zero with probability 1.
Theorem 3 follows directly from Theorem 1 and Theorem 2. The result in Theorem 3
further suggests that in the limit, each individual trader’s demand must be infinitesimally
small relative to the market supply. This is formally established in Corollary 1.

For the establishment of the result in Theorem 1, the 8-Assumption plays a critical
role. It allows enough “‘better buyers” to enter the market over time and eventually
those “better buyers” prevent the asset price from staying below the fundamental
value very often. The ““better buyers” here refer to the buyers who enter the market
with a sufficiently low probability of overpredicting the fundamental value and with
some positive probability (which may be very small) of predicting arbitrarily close to
the fundamental value.

Theorem 1.

Pr (for any given ¢ >0, there exists a time period T},.

such that for T>=T,

#{r<T: ;;i<z,—s}<8> _ L

Proof. See Appendix A for the proof. [J

After obtaining the result in Theorem 1, Theorem 2 shows that with probability 1
the following occurs: if each trader’s initial wealth is sufficiently small relative to the
market asset supply and if the variation in the random shock to the economy is
sufficiently small, then as time gets sufficiently large, the proportion of time, that the
asset price is above the fundamental value, converges to zero.

The intuition of the result in Theorem 2 is best explained as follows. Start by
supposing that there is no random shock to the risky asset each time period. Then
the liquidation value is the same as the fundamental value. In this case, buyers make
a gain if the asset price is below the fundamental value and buyers make a loss if the
asset price is above the fundamental price. Therefore, the average (across time)
aggregate wealth of all buyers is bounded from above by term (1), the average
maximum gains across the number of time periods when the asset price is below the
fundamental value, minus term (2), the average minimum loss across the number of
time periods when the asset price is above the fundamental value, plus term (3), the
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initial wealth V. Now suppose that there is a random shock each time period. Then
the liquidation value differs from the fundamental value. If the random shock is
positive (negative) at time ¢, (1>=1) then the liquidation value is above the
fundamental value at time ¢ and furthermore all buyers make an additional gain
(loss) from the difference between the liquidation value and the fundamental value
v, — z, at time ¢ as a result of the presence of the random shock. Therefore, the
average (across time) aggregate wealth of all buyers is bounded from above by the
average aggregate gains of all buyers coming from the positive random shock in
addition to the above three terms describing the situation without the random shock.
Furthermore, the aggregate wealth of all buyers is always positive. Hence, we can
rearrange the above to show that the proportion of time that the asset price is above
the fundamental value is bounded from above by the summation of three terms: the
first term, which is a positive constant multiplied by the proportion of time that the
asset price is below the fundamental value; the second term, which is a product of the
variation in the random shock (given that the shock is positive) and the proportion
of time that the random shock is positive; and a third term, which is V. Theorem 1
says that, with probability one, the proportion of time, that the asset price is below
the fundamental value, goes to zero as time gets large. As well, if the variation in the
random shock is sufficiently small and the initial wealth is sufficiently small, then the
proportion of time that the asset price is above the fundamental value can be made
arbitrarily small, with probability one.'* Hence, the result of Theorem 2 holds.

Theorem 2. With probability 1, the following occurs: for any given ¢ > 0, there exists a
positive k and a positive Vy such that, if E((exp(w;) — Dlw,; > 0)<k and if Vo<V,
there exists a time period T,, such that for all T > T,

#t<T: p; >z, + ¢}
T <e.

Proof. See Appendix A for the proof. [

Theorem 3 brings together the results of the above two theorems and shows that
for any e-interval containing z,, [z; — ¢, z; + €], for a sufficiently small endowment of
traders’ initial wealth and for a sufficiently small amount of variation in the random
shock, with probability one, the proportion of times that the asset price falls within
this e-interval containing the fundamental value z,, [z, — ¢, z, + €], converges to one
as time gets large.

Theorem 3. With probability 1, the following occurs: for any given ¢ > 0, there exists a
positive k and a positive Vo such that, if E((exp(w;) — D|w, > 0)<k and if Vo<V,
there exists a time period T*, such that for all T > T*,

#{t<T: pi€lz; — &,z; + €]}

T >1 — 2e.

3 The variation in random shock here refers to E((exp(w;) — 1)|ew; > 0).
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Proof. See Appendix A for the proof. [

Remark 1. The proof of Theorem 1 makes use of a set of buyers {¢,%, ..., , ...}
with their prediction errors distribution satisfying the following conditions
€005 In(2/(z — %¢)) + 01 In(z/(Z 4+ u)) > 0 and 05 >c for some positive & and c¢<1.
These conditions are satisfied if 0} is allowed to be arbitrarily close to zero provided
that Q’Zk = c (the 6-Assumption). (Of course, the constant number ¢ does not have to
be very close to 1, instead, it can be a extremely small positive number.) This set of
buyers play a determining role in driving the convergence result. The model deals
with a one-sided, rather than a two-sided auction. With a relatively small variation in
the random shock, buyers do not make any loss by underpredicting the fundamental
value. This is due to buyers being inactive if the asset price is above the fundamental
value. Buyers could make losses by overpredicting the fundamental value if the asset
price is above the fundamental value. From a behavioral finance perspective, one can
interpret traders with low probability of overpredicting the fundamental value
(implying a small number of upward biases) as relatively risk averse. For this reason,
the 0-Assumption merely allows for the entry of a sufficient number of buyers with a
sufficient degree of risk aversion and with a positive probability (however small) of
bidding arbitrarily close to the fundamental value. The presence of this group of
buyers provides the driving force for the long run convergence.

Remark 2. For the results to be achieved it is important that the competition among
the buyers gets stronger as time increases. The model helps to achieve this by letting
buyers with different characteristics of their prediction error distributions enter the
market sequentially over time. As a result, the number of buyers increases to infinity
as time goes to infinity.

Another ingredient of perfectly competitive markets is that each individual buyer
is sufficiently small relative to the market or that each individual buyer’s demand is
initially sufficiently small relative to the market supply. In this model, where the
initial wealth V{ characterizes the size of the entering buyer relative to the market, a
smaller V; represents less market power of entering traders and greater competition
in the market. Technically, if the initial wealth V) is too large then in each time
period the entering trader will cause the asset price to deviate away from its
fundamental value with some positive probability.

Remark 3. Theorem 3 states that for a given e-distance, for a sufficiently small 7
and a sufficiently small variation in the random shock, with probability one, the
proportion of time, that the deviation between the asset price and the fundamental
value lies within this e-distance, converges to one as time gets large. An empirical
implication is, that for a given Vj, with a smaller variation in the random shock,
there exists a corresponding smaller ¢;-distance, for which, with probability one, the
proportion of time, that the deviation between the asset price and the fundamental
value lies within this smaller ¢;-distance, converges to one as time gets large. This is
consistent with the price of a more risky asset fluctuating in a wider range than the
price of a less risky asset and the safe asset earning the certain return.
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Nevertheless, it is remarkable that even though the number of traders increases
over time, with each trader entering the market with a finite amount of wealth ¥V
and with a perfectly inelastic supply of the asset, the price can eventually be assured
never to explode outside a certain interval. Furthermore, for a given level of
variation in random shock, the smaller is the initial ¥{ of an entering trader, the
smaller is the interval in which the asset price lies.

The result of Theorem 3 indicates that in the limit no individual buyer can
influence the asset price. Otherwise, the long-run equilibrium would be destroyed.
This further implies that the demand from each individual buyer must be
infinitesimally small relative to the asset market supply in the limit. In other words,
each individual buyer’s wealth must be infinitesimally small relative to the aggregate
wealth of all the buyers in the limit. The following corollary formally presents the
results.

Corollary 1. With probability 1, the following occurs: for any given ¢ > 0, there exists
a positive k and a positive Vy such that, if E((exp(w,) — Do, > 0)<k and if Vo<V,
there exists a time period T' such that for all T >T', the ratio between buyer
t's (t=1,2,...) wealth at the end of time period T (V}) and the aggregate wealth
of all the buyers at the end of time period T (Z[T:l VE) is less than ¢ (i.e.,

Vi S, Vh<e).

Proof. See Appendix A for the proof. [

4. Conclusions

This paper uses an evolutionary idea of natural selection to examine the
convergence of the asset price to its fundamental value in a one-sided auction market
where traders are modeled as unsophisticated. Traders cannot learn or strategically
use any information from the market or other participants and they merely act upon
their preprogrammed behavior rules, which reflect their inherent noisiness.
Specifically, in this dynamic asset market, the market supplies one unit of a one
period risky asset each time period. Traders enter the market sequentially over time.
The liquidation value of the asset is the product of the fundamental value of the asset
and the exponential of a random shock. The fundamental value of the asset is
determined in the beginning of each time period, but unknown to any market
participants. The random shock is realized at the end of each time period. Each
trader’s behavior is exogenously preprogrammed instead of endogenously derived
from some optimization problem. In other words, each trader’s behavior is
characterized by his or her predetermined probabilities of overpredicting, predicting
correctly and underpredicting the fundamental liquidation value. Each trader’s
prediction in each time period is generated from a probability distribution described
by his or her predetermined probabilities of overprediction, exact prediction and
underprediction with respect to the fundamental liquidation value.
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The asset market is a one-sided auction market. The market serves as a
selection process which evaluates all the traders with different prediction
error distributions, rewarding the traders who place good bids and taking
money away from the traders who place bad bids. Over time this process gradually
places more weight on the accurate information into the asset price and places less
weight on noise into the asset price. Eventually the asset price only reflects the
accurate information and eliminates noise. Informational efficiency occurs in the
long run.

More precisely, as long as at any point in time there is a positive probability
that the entering trader has an arbitrarily low probability of overpredicting
the fundamental value and has a probability, of predicting arbitrarily close
to the fundamental value, being bounded away from zero by a positive number,
the following is true. With probability 1, if each trader’s initial wealth is
sufficiently small relative to the market supply and if the variation of the
random shock is sufficiently small, then as time gets sufficiently large, the proportion
of time, that the asset price is arbitrarily close to the fundamental value, converges
to 1. In the limit, each individual’s demand for the risky asset is infinitesimally small
relative to the market supply. Consequently, no individual can influence the asset
price.

In this one-sided auction market, losses are possibly incurred when over-
bidding occurs. From a behavioral finance perspective, one can interpret traders
with low probability of overpredicting the fundamental value (implying a
small number of upward biases) as relatively risk averse. For this reason, one
may also interpret the 6-Assumption as an allowance for the entry of a sufficient
number of buyers with a sufficient degree of risk aversion and with a positive
probability (however small) of bidding arbitrarily close to the fundamental
value. The presence of this group of buyers provides the driving force for the long
run convergence.

Finally, the variation in the random shock about the fundamental value influences
the extent to which efficiency occurs. The bigger is the variation in the random shock
about the fundamental value, the bigger are the deviations of the asset price from the
fundamental value.

Appendix A

This appendix consists of proofs for the results in Theorems 1-3 and Corollary 1.
The proof in Theorem 1 makes use of the results in Lemmas 1, 3 and Proposition 1 in
Appendix B.

The Proof of Theorem I. Define buyer r’s pseudo-price at time s, denoted by p,
where s>1, 7>1, as the solution to the equation Y7} | ;, ¢i(pl) = 1. That is, buyer
t’s pseudo-price at time s, p’, would be the market clearing price at time s if buyer ¢
were not in the market. In other words, it would be the market clearing price which
would occur without the demand from buyer ¢.
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Also define an indicator variable at time s for buyer ¢, denoted as /!, where s>1,
t>1, to describe the position of buyer r’s pseudo-price (p’) relative to the
fundamental value z; at time s. Specifically, for any given ¢ > 0,

1 if pl<zy —,
0 otherwise.

1=

N

Notice that if at any time s, the pseudo-price of any buyer is above z; — ¢ then the
asset price is above z; — ¢. Use an indicator variable / =0to describe whether the
pseudo-price of any buyer is above z; — ¢; otherwise /; = 1. Specifically, for s>1,
t=1,

I = H LL.
=1

The following shows that

.
Pr<71me <¥> :0) —1. (A.1)

Define /¥ to indicate whether the asset price is below z; — ¢ at time s, where s> 1.
That is

IF =

1 if py<zy—e¢,
0 otherwise.

If /* = 1 then the asset price at time s is below z; — &. Taking out any buyer’s demand
for the asset from the market demand function at time s means that the pseudo-price
of that buyer is at least below z, —¢. That is, /X =1 implies that // =1 for all
t=1,2,...,s or [, = 1. This further implies that

T % T 7
Zs:l ls SZs:l lS. (AZ)
T T

If Eq. (A.1) is true, then Egs. (A.1) and (A.2) imply that

T g%
Pr( lim <M> 0) =1.
T— w0 T

Therefore, Theorem 1 follows.

Now, the following proves that Eq. (A.1) is true. Before the proof of Eq. (A.1),
some definitions of indicator variables are required. At time s = 1,2, ..., [ is defined
to indicate whether the asset price is below z; — %8.

I - 1 ifp_y<zsf%e,
' 0 otherwise.
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Define another random variable ¢! to describe whether buyer #’s prediction at

time s is between z; — %e and z, — %8. Specifically, define ¢!, where s>¢ and t>1, as

g — 1 if —Ze<ul< — L,
g 0 otherwise.

Now, Eq. (A.1) is shown by way of contradiction. Suppose not, then

Pr (there exist @ ¢y >0 and a subsequence ny,ns, ..., 17, ...,

S
such that for all T =1,2, ,;1— >¢g | >0. (A.3)
T

Lemma 1 in Appendix B implies that for this g and ¢; and for some positive
c<l1,

Pr (there exists an infinite number of buyers in the set @(gy,¢,¢)) = 1,

(A.4)

where

Oz, ¢) = { buyer £ 2905 In| ——— | + 011 L)>o,
(£0,,0) { uyer t: g0, n<(2%8)> + 0} n((2+u)
05=c, 9§+9;+9’3:1}.

Now, consider buyer # in the set @ (e, ¢, ¢). Since buyer #’s pseudo-price at time 7,
pt, is a function of zy,z,, ..., z;; and @y, s, ..., w;_1; and ”j]’”ﬂl’ o u, for t#£j<i;
and since buyer #’s prediction error u! is independent of zj,z,...,z; and
w1, Wy, ...,w;_1; and uj/,ul.ﬂ_l, ..,ul, for j<i and j+#t; it follows that buyer s
prediction error is independent of his or her past and current pseudo-prices, that is,
g' is independent of /, for all i<s. Therefore, using Proposition 1 in Appendix B and

using Eq. (A.4), it follows that

nyr—t+1 np—t+1
Using Bayes rule, Eqgs. (A.4) and (A.5) imply that

te O(e, ¢, c)) =1. (A.5)

nr l[ t E t nr lf
lim pr(2mt (B9 JEWID ik o 00 = 1. (A.6)
T—w nr—t+1 np—t+1

Since Y17, A /nt > ¢, for all T, implies that, for sufficiently large 7" and for
1€0(e,6,0), S our 1! [(ny — 1+ 1) > gy (due to I'>1); and since E(g’) = 05, applying

=t"s

Bayes rule to Egs. (A.3) and (A.6), it follows that,

. ZZ:Tz lstgé) t
=S5=1 N SYS7 <
Thmoc Pr(n P 8002, for all teO(g,¢,c)

H(80)> =1, (A7)
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where H(gy) denotes the event that there exist a g >0 and a subsequence
ni, M, ... N7, ..., such that > 17, I;/ny > ¢ forall T = 1,2, ... .

Since buyer 7€ O(¢, ¢, ¢), it follows that 05 >c. This together with Eq. (A.7) also
implies that there exists a further subsequence #),n), ..., 1, ... of the sequence
ny,ny, ..., nr, ..., such that (see Durrett, 1991, p. 40, Theorem 6.2).

'y 1t
Pr( lim inf (M> > goc, for all 1€ O(e, ¢, c)

T-w np—t+1

H(so)> ~1. (A.8)

In addition, using Lemma 3 in Appendix B, it follows that for this &, &; and for
some positive number c¢<1,

(2 G ) —
Pr (Tlirnfd( w11 ) 0, for all teB@(ey,e,¢) ) = 1. (A9)
Again, applying Bayes rule to Egs. (A.3) and (A.9), it follows that for this ¢ and for
some positive number c¢<1,

nr [
Pr< lim (W) =0, for all te O(e, ¢, ¢)
T-wo\ np—t+1

The intuition behind Eq. (A.10) is that if /!g’/; = 1, then one can show that buyer
t makes a positive expected profit at time s. If Eq. (A.10) is not true, then one can
construct a contradiction by showing that with positive probability that the wealth
of buyer ¢ who is in the set (g, ¢, ¢) would grow exponentially while the wealth,
coming from the initial endowment of buyers and coming from the market maker, is
injected into the market arithmetically.

Applying Bayes rule to Egs. (A.10) and (A.8), it follows that

H(so)) —1. (A.10)

"y t ¢
Pr lim infM>soc, for all 1€ B(gg, ¢, ¢) p,
T—x Ny — t+1
nT (gt (A.11)
{ lim (M) =0, for all reO(g, ¢, c)}‘H(so)> =1.
T-wo\ np—t+1

Since for buyer 1€ O(g, ¢, ¢), t<n,
Hy Ilgt Hy Iiqtl 1y lal(1 = |
S=t ( sgs) —_ s=t (sgs .Y) S=t (sgs( Y))
wp—t+1  np—t+1 np—t+1
and using Eq. (A.11), it follows that
(g1 =1
Pr( lim inf (z‘” (59( S))) > goc, for all 1€ O(e, ¢, ¢)

>

H(bo)) =1.

(A.12)
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Now, the remaining part of the proof consists of two steps. Step 1 shows that
. . o - - LI
(using Eq. (A.12)) with positive probability, (1 ls)zte@(so,s, o). 1<s (gi1Y) is

unbounded from above as s— oo. As a result, Step 2 shows that with a positive
probability the expected total profits of the number of buyers equal to

> 1€@(50,5,0), <5 (¢%I") tends to infinity as s— oo. This contradicts the fact that
“Us Oy > ~

the total profits earned by all buyers in any one time period must be bounded from
above. Therefore, Eq. (A.1) must be true.

Step 1: One observation that can be drawn from Eq.(A.12) is that
(1= 1€@(co.t,0), 1<s (¢%") must be unbounded as s— co. That is,

Pr (for any given M >0, there exists a s’ such that, for some s>/,

(=1) > (gd)=M|(H(z).Dy) | =1, (A.13)

1€ O(gp,8,¢)
I<s

where D, denotes the event that

(0 gl = 1)
Th_r)nL 1nf< W — 4 1) >goc, for all teO(eg,¢,c).

Otherwise, there would be a contradiction. The contradiction can be seen from the
following analysis. Suppose that Eq. (A.13) is not true, then

Pr (there exists a positive number, say B> 0, such that,

(1=1) > (44)<B, for all s|(H(z),D2) | > 0. (A.14)

te O(gp,&,¢)
I<s

Using Egs. (A.12) and (A.14), it follows that

Pr | ¢3B>0, st foralls, (1-14) >  (g)<Bp and

1€ O(g9,¢,¢)
t<s

"y
for all sufficiently large T, Z (11 = l))gl) > eoc(ny — t + 1),

s=1

for all te O(ey, ¢, ¢) and tén’T}lH(so)> >0. (A.15)
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Since O(gy, ¢, ¢) contains an infinite number of buyers, select the first N buyers,

ti,tay oosty, Where N>2B/ee, from the set O(e,e,0). If (1 —1)
Lyt / _

> 1€O(c0.e,0), 1<s (gt < B, for all s then for nly > 1,

"y
Sla-n > dfan | <su. (A.16)
s=1 k=12,...,N,

where ig‘ and g% for k =1,2,..., and for s = 1,2, ..., are defined as

[T Ik 4
P It ff 2l = gs ff s>t
’ 0 if s<t ’ 0 if s<tg.

If Zn,T (% (1 = Iy)gl) > egc(n’y, — ti + 1), for all sufficiently large 7 and for all

S=1}
ty <n'y, then

/ -

N oy N

DD = 1gk) >ee Yl — i+ 1)

k=1 s=t k=1

>eoeN(y — ty + 1). (A.17)

Since

"y . N n

DAa=n D @O | =] D U —1)gk)

s=1 k=12,...,N, k=1 s=t

and using Egs. (A.4), (A.15), (A.16) and (A.17), it follows that

- . Br! B
Pr (N< lim (— 2T =—1H(gy) | > 0.
T-w \goc(ny — ty+ 1) gC

This further implies that

_ B
Pr (N <—> > 0.
&oC
This contradicts the fact that N > 2B/gyc. Therefore, Eq. (A.13) must be true.
Now, Eq. (A.13) implies that

Pr (for any given M >0, there exists a s’ such that, for some s>,

(=1 Y (Gl)=M|>0. (A.18)
te(?(éo,a,c)
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The intuition for Step 1 is as follows. Consider the infinite number of buyers in the
set O(eg, &, ¢). For each one of the buyers in the set, in order for the proportion of
time that //(1 — /)¢’ = 1 to be bounded from below, then the total number of times,
that the joint event of /! = 1 for every buyer ¢ and ¢ = 1 for every buyer ¢ whenever
l;,=0, must go to infinity as s— oo, which in turn implies that (1 — )
> 1€ O(c0.2.0), 1<s (¢1%) is unbounded from above as s— o0.

Step 2: However, the following shows that if (1 — ) > 1€ O(co. £, ) 1<s (gL} is

unbounded from above as s— oo, then there exists a time period at which the
expected total profits of a finite number of buyers in the set © (g, ¢, ¢) exceeds the
total profits that could be possibly made by all the buyers in any one time period.
This is illustrated in the following analysis. Since both the liquidation value and the
asset price are bounded and since the supply of the asset each time period is 1 unit,
the maximum profits that all the buyers could possibly make in any one time period
is bounded from above by Z exp(®).
Eq. (A.18) implies that for M = 3(Z exp(W))/eq,

Pr | 35 s.t. for some s>, (1 — [) Z (%[é);@

te O(gg,8,¢) Q
I<s

> 0.

(A.19)

Since O(g, ¢, ¢) contains an infinite number of buyers, select M buyers, 7,7, ..., U
where M > 2B/¢gc, from the set O(go, ¢, ¢). Hence, Egs. (A.4) and (A.19) imply that

3(z exp(7))
&q

>

Pr (Els’such that, for some s>s', 3{|,, ...,7;}, where M >

sto(ghl =1, g212 =1, ...,/ = 1) when 1 — [, = 1) >0, (A.20)

Since at time period s, if ggk =1, lst;" =1 and (1 — /) = 1, then buyer 7, bids in the
interval [z, — 3¢, z, — 3¢] while the pseudo-price of buyer 7, is below z, — ¢ and the
asset price is in the region [z, — %s,zs - %a]. This implies that buyer 7. must be active
and purchases at least a minimum quantity of shares of the asset (¢) which occurs in
the extreme case where buyer #,’s pseudo-price at time s, pé" =z, — ¢ and the asset
price at time s is py =z, —Z. (It can be shown that ¢ =1—(Z—¢)/(Z —%).)
Therefore, if for k = 1,2, ..., M, g = 1, I = 1 and (1 — ;) = 1, then

M ;
> o> Mg (A21)
k=1

and

1 1
Zy — PsZZs — (Zs - _3> = €. (A22)
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Nowt cqn51der the total expected profits of M buyers with (gV‘ lv‘ =1, gﬁl 2
1, .. ,g‘”l #—=1)ywhenl—1I =1. Denote D;, as a set ofbuye;rs (6,6, ..., 0}, where
M > 3(2exp(W))/eg, such that (g5 ls‘ =1, gs lj =1, ,gjwl M =1) when 1 — [, = 1.
Using Eq. (A.21),

M J
E ((vs - > q§k> > MgE(vs — p)
k€03
= MC_IE(Zs = Ds)
1

> gsﬂg. (A.23)

The second to last inequality is due to Evy>Ez;, (using vy = z; exp(w;) and using
Jensen’s inequality). The last inequality is due to Eq. (A.22).
Using the definition of M and Eq. (A.23), it follows that

M J/

E (m —p) Y q§k> > Zexp(d). (A24)
kED3

However, the maximum amount of total profits that could be earned by all the

buyers in the market in any one time period is bounded from above by Z exp(®). This

contradicts Eq. (A.24). Therefore Eq. (A.21) must be true. [

The Proof of Theorem 2. Consider the aggregate wealth of all the buyers at the end
of time period T, which equals the aggregate gains that all the buyers have made up
to time period 7' minus the aggregate losses that all the buyers have made up to time
period T plus the aggregate initial wealth of all the buyers in the asset market at time
T. That is,

T T k T
Y Vi= Z((Vk _Pk)<z 611tc>> +>
t=1 k=1 =1 k=1
T

k
= Z v — pr) + Z Vo <since Z q; = 1)
k=1 =1

T
=Y (k—z)+ Z (k= pr) + Z V. (A.25)
k=1
To QGScribe the position of p, relative to z,, define three indicator random variables
my, I, and a,, for t = 1,2, ..., as follows: for any given ¢ >0,
n 1 lf Z,Spfézl-i-&‘
m; = .
0 otherwise,

A 1 if p<z A 1 if p>z+e,
t . and 4, = .
0 otherwise 0 otherwise.
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Notice that /, 4+ @, 4 71, = 1 for any z. Eq. (A.25) can be rewritten as follows:

ZtT:l £ ZIZ:I (Vi — zx) n 21{:1 (2 — pr))

T T T
T A T A
+ > et (arzk Pk))+zk:1 (e (zk Pk))+ v (A.26)
T T
Since when ry, = 1, zp <pr <zi + ¢, it follows that
T
> Oz — i) <0. (A27)
k=1

Since when ik =1, px<zi and furthermore, z; — p; <Zz. Therefore,

T
Z k(e = p)<2 > I (A.28)

k=1

Since when a; = 1, pi > zx + ¢ and furthermore, z; — px < — ¢. Therefore,

Z (ak(zk —pR))< — & Z Ay (A.29)

k=
Using Egs. (A.27)—(A.29), Eq. (A.26) becomes

ZrT:I Vi —ZZ:I Ik EZ:] a Zl{:l vk — 2k)
< — & . .
T =T T + T + (A.30)
Since the asset price is strictly above zero and since all the buyers have initial
endowments of wealth, it follows that for any 7, >/, V%> 0. This together with
Eq. (A.30) implies that

T ~ = T 7 T
2t & 22 e i (k=20 Vo (A31)
T e T eT e

Since
Skt Ok = 2) _ Sy lexplox) — 1)
T T ’
and denoting

1 if wi >0,
Iwk>0 = .
0 otherwise,

it follows that

Skt Ok = 2) _ S (E(exp(@n) — Dloy0) #ik: o > 0}

T #{k: o >0} T (A32)
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Since {wyx )~ is an i.i.d random sequence, using the Strong Law of Large Numbers,
it follows that with probability 1, as T'— oo,

S Eexp(or) — Do) #ik: oy >0}
#{k: w > 0} T
—Z E((exp(wi) — D)|wi > 0) Pr (wi > 0). (A.33)

Since 0<Pr (wx >0)<1, Egs. (A.32) and (A.33) imply that with probability 1 the
following occurs: for any given ¢ > 0, there exists a positive k such that for any i.i.d
random shock sequence {wy},~; with E((exp(wy) — Dlwx > 0)<k,

T _ 2
hm(ZﬁQ¥—ﬁ§<%<i (A.34)

T— 3

The result in Theorem 1 implies that

. > ke A _
Pr <T15r§c< T <3Z =1. (A.35)

Set Vp<e?/3. This together with Egs. (A.31), (A.34) and (A.35) implies that with
probability 1 the following occurs: for any given ¢ > 0, there exist a positive k and a
positive 7 such that, if E((exp(w;) — 1)|w; > 0)<k and if V<V, there exists a time
period 715, such that for all 7> T, Zszl ax/ T <e. Therefore, the result in Theorem
2 follows. [

The Proof of Theorem 3. Notice that for any 7T>1,
#{1<T: p;<z;— &} +#{I<T: P>z + €} . #{<T: pielzi — e,z + e}

L.
T T T

Therefore, using the results in Theorems 1 and 2 and letting 7% = max{T}, T»},
Theorem 3 follows from the above equation. [J

The Proof of Corollary 1. Consider buyer ¢'s average wealth across time at the end of
time period T.

Vi Vo+ SOk — pgp)

A.36
T T (A.36)
Define two indicator random variables /, and a,, for 1 = 1,2, ..., as follows:
~ 1 lf p[<Zl - 1 lf pTZZI)
[, = . and a, = .
0 otherwise 0 otherwise.

Notice that /, + d, = 1 for any t. Using the above definitions, Eq. (A.36) becomes

Ve S, Gk = pdl)  Sr, @k — p)g) Vo
Ur_ ke ‘ = ) A.
T T + T + T (A.37)
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Since, when /, = 1 at time &, v — Pr = zi exp(wy) — pr <Z exp(d), this together with
0<¢}, <1 implies that

Z (e(vi — pi) i) <2 exp(ad) Z Ik. (A.38)
Since, when a; = 1, vy — pr = zi exp(wx) — pr < zi exp(wy) — zx < Z(exp(d) — 1), this
together with 0<¢g} <1 implies that

T T
> @Ok — pgp) <Eexp(@) — 1) a. (A.39)
k=t k=t

Using Egs. (A.38) and (A 39), Eq. (A.37) becomes
Zk ‘ Zk z

e Yo (A.40)

+ 2exp(@) — 1) =

Vi
T —L<zexp(@)y=t=L=

The result in Theorem 1 implies that, for any given ¢ > 0,

— - T 7
i (FEXP@) Xt i <) =1 (A.41)
T— T 3

The result in Theorem 2 implies that

Pr (Vs > 0,3k >0 and ¥, >0 such that, if E((exp(w,) — Do, > 0)<k.

T ~
and if Vo< Vo, 3T}, s.t. for T> T}, Z(exp(@) — 1)%<§V0> — 1.
(A.42)

Notice that limz_, ., Vo/T <4 V0. This together with Egs. (A.40), (A.41) and (A.42)
implies that
Pr (Ve>0,3k>0 and 37, >0 such that, if E((exp(w,) — 1), > 0)<k

and if Vo<V, 3T3, st for T>Ts, V5 /T<eVy) = 1. (A.43)

Now consider all the buyers’ average wealth across times up to the end of time period
T. Using Eq. (A.36) and since Zlf;] g, = 1, it follows that

ZtT:I Vr Zszl Vo + Z{:l vk — pr)
= = : (A.44)

Since I + dx = 1, Eq. (A.44) becomes

Z[T% Vi _ Sh (ik;Uk = D) n S (@«T(Uk — Pk)) ”

(A.45)
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Since /; = 1 implies that z; > py and vx — py > (exp(wi) — 1)z = (exp(—w) — 1)z, and
since d; = 1 implies that v, — pr=Zexp(—w) — (Z + u), using Eq. (A.45), it follows
that

T
Zer Y (expl) - Dottt

+ (Zexp(—w) — (Z+ u))Zk 1 + V. (A.46)
Given that (exp(—w) — 1)2<0, Theorem 1 implies that with probability 1 the

following occurs: for any ¢ >0 and for any Vj,

lim <((exp( ) — I)Z)Zk ); —%Vo. (A.47)

Given that Zexp(—w) — (Z+u)<0, the result in Theorem 2 implies that with
probability 1 the following occurs: for any ¢ > 0, there exist a k > 0 and a Vo > 0 such
that, if E((exp(wy) — D|w, > 0)<k and if Vo<V,

T ~
yg<@mmﬂm—@+m;¥%ﬂ>>—f%. (A48)

Therefore Eqs. (A.46)—(A.48) imply that with probability 1 the following occurs: for
any ¢ > 0, there exist a k > 0 and a ¥, > 0 such that, if E((exp(wy) — 1)|w; > 0)<k and
if V() S V(),

T t
lim <¥) = —ceVo+ V. (A.49)

T- w0
Using Egs. (A.43) and (A.49), it follows that with probability 1 the following occurs:

for any ¢ > 0, there exist a k>0 and a ¥, > 0 such that, if E((exp(wy) — D], > 0)<k
and if V() < Vo,

t
lim ( TVT ,)< Vo (A.50)
Too\S 7, VE) (=8,

Let ¢ = ¢/(1 — ¢), Corollary 1 follows from Eq. (A.50). O

Appendix B

This appendix consists of three lemmas and one proposition. Lemmas 1 and 2 are
used to establish Lemma 3. Proposition 1, Lemmas 1 and 3 are used to prove
Theorem 1. Proposition 1 is also used to prove Lemma 2.
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Proposition 1. Let {X;},~1 be a random sequence with a finite expectation E(X,) and
| X;|< My, where M is a finite positive number. Let Y,, where t = 1,2, ..., be a random
variable with |Y,|< M,, where M, is a finite positive number. If X, is independent of
Yy, Ya, ..., Yy, then for any given & >0,

<8> =1

Proof. Let X, = E(X,) + ¢. Since {X,},> is a random sequence with E(X;) < co and
[X:|<M,, it follows that {e¢},.; is a random sequence with Ee =0 and
le;| < My < oo. Therefore, for all t =1,2, ...,

S (Y)Y (YEX)
T T

lim Pr(
T— w

ZzT:1(Xt Yt) _ Zthl(YlE(Xt)) + ZIT:1(81 Yt)
T T T ’

Consider the last term in the above equation ZIT: (&, Y,)/T. Since X, is independent
of Y,, ¢ is independent of Y;, and it follows that

(B.1)

T T
E (Z,_IT(& Yr)) _ Z,:I(E(;r)E( YD) _ o (B.2)

Notice that

T T T T
Var(z’_lj(f"Y’)> 221:1(1;021’(8:}]1))_’_% Z Z(E(Sf Y, Ys)

- E(gt YI)E(E.Y Ys)) (B3)

t=1 s>t

Since X, is independent of Y1, ..., Y, ¢, is also independent of Y7, ..., Y. Given
Ee, = 0 for any ¢, it follows that the last term in the above equation is equal to zero.
That is,

T T
230 D (Bl YY) — Ble, VB, o) = 0. (B.4)
=1

s>t

Since |g;| < M| < oo and since | Y| < M3 < o0, it follows that Var(e, Y,) < M3, where M3
is a finite positive number. Therefore,

1 1
0<— > (Var(e, ) < Ms. (B.5)

T
=1

Egs. (B.3)—(B.5) imply that

T
Var (M) -0 as T— 0. (B.6)
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Given Egs. (B.2) and (B.6), using Markov’s Theorem (see Gnedenko, 1962, p.232), it
follows that for any given & > 0,

lim Pr 72’21(6’ Y)
T— T

<s> =1 (B.7)
Using Egs. (B.1) and (B.7), Proposition 1 follows. [

Lemma 1. For any given d,¢> 0 and for some positive ¢ <1,
Pr (There exists an infinite number of buyers in the set ©(d,¢,c¢)) = 1,

where O(3,¢,¢) = {buyer 1. 605 In(Z/(Z — %)) + 0] In(z/(Z + u)) > 0, 05 =>c, 0] +
0,10, = 1.

Proof. As noted in the text, {(6],65)},s is independently and identically distributed.
Hence, define a random variable R,, where t = 1,2, ..., as the following: for any
given arbitrarily small J,&> 0 and some positive c<1,
. 1 if buyer te®(9,¢,c),
““Jo otherwise,

where
O(9,¢,¢) = {buyer t: 505 In(z/(Z — 3¢)) + 0] In(z/(Z + u)) > 0,

0)>c,00 + 0+ 04 = 1} 0.
It follows that {R, =1}, is also an i.i.d. random sequence. If the distribution
function F(-) satisfies the -Assumption, then Pr(R; = 1) = Pr (buyer 1€ ©(9,¢,c)) =

.f502+010>0, 0,5 4F(01,02) > 0, for any 1, where

z
ln(_ - )
Z+4+u

z
In —
zZ — 58
Therefore,
o0
> Pr(R=1)= . (B.8)
=1

Using Eq. (B.8) and the Second Borel Cantelli Lemma (see Billingsley, 1995,
p- 83),

Pr(i R, = oo) =1. (B.9)
=1
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Eq. (B.9) further implies that for any given arbitrarily small d,¢>0 and some
positive ¢<1,

Pr (There exists an infinite number of buyers in the set @(d,¢,c)) = 1.

Lemma 1 follows. O

Lemma 2. Consider buyer t's wealth at time period T, V., and show that for any given
£>0,

, v _SSF (hgil) z
1 P T > k=t k'k l
o A\ T=i+17 T—i41 .

%
Z/{ftxltm z In Vo

— 1 :l
i) T

Proof. Consider buyer #’s wealth at time period k, where k>¢, t=1,2, ...,
Vi= Vi1 + Ok — pr)gy- (B.10)

If buyer #’s prediction at time k coincides with the asset price, then buyer ¢ is referred
to as a marginal trader. In this case, buyer #’s wealth may not be fully used up. Hence
q;€(0, V{_,/pi]. Denote qj = ri(Vi_,/pk), where r,e(0,1]. Clearly, ry is indepen-
dent of the random shock w; for all i>k. For the sake of the following discussion,
define an indicator random variable M for k>t to describe whether buyer ¢ at time
k is a marginal trader. That is,

,_{1 if b. = pr,

Mk - .
0 otherwise.

Define another random variable H}, where k >1, to describe whether buyer ¢ is active
at time k, that is,

= 1 if q§(>.0,
0 otherwise.

Define random variables x and y, where k>1, to describe the position of buyer #’s

prediction error relative to — %s or — %s at time k. That is, for any given ¢ > 0,

1 ifu<—2% 1 if ul > —Lg
Vi = K= % and X = ko3
0  otherwise 0 otherwise.
Finally, define two random variables my; and a;, where k> 1, as the following:

it Zk — 3 <pr<zk ' i pe> oz,
my = ; and a; = .
0  otherwise 0  otherwise.
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In addition to the above notation, the notation (i.e., /, ¢ and /;) defined in the
proof of Theorem 1 is also used here.

Consider the following mutually exclusive cases where buyer ¢ is a nonmarginal
trader at time k, i.e. b} > py:

(1) I = 1 and g, = 1 meaning that p; <z — 3 and —3e<u} < — &

(2) I = 1 and x} = 1 meaning that p; <z; — 3¢ and u} > —1¢;

B)hk=1, yy =1, (1 - M}) = 1and H} = | meaning that p; <z — 3&; u}, < — 3¢;
and buyer ¢ is active at time k;

@ ar=1, x; =1, (1 - M})=1and H; = | meaning that py > z;; uj > —%8; and
buyer ¢ is active at time k;

S)ymy =1, xj, =1, (1 — M})=1and H; = | meaning that z; — %8<pk<2k; uj, >
—%8; and buyer ¢ is active at time k;

6) me=1, gi =1, (1-M})=1 and Hj =1 meaning that z; —3e<p <z
—Ze<ul < — L and buyer 7 is active at time k.

In conclusion, for b} > p; , buyer ¢ uses all of his or her wealth at time period &, i.e.
g, = V{_,/px. Using Eq. (B.10), it follows that, if b} > py,
Vi g;(lker,’(lkJrH,i(l7M,’()y;(lk+H,’((l7M,i)x2a/(+H,’((l7M,i)x,’(mk+H/’€(lfM,:)g,il71/(
Vi=1{-— Viei-
Pk
(B.11)

Consider the following mutually exclusive cases where buyer ¢ is a marginal trader
at time k, i.e. b}, = py:

(7) Ik =1, yi =1, M} =1 meaning that p; <z; — %&; u}, < — % and buyer ¢ is a
marginal trader at time k;

(®) ar =1, xj, =1, M; =1 meaning that p; > z;; uj > —%8; and buyer 7 is a
marginal trader at time k;

(9) mp =1, xj =1, M} =1 meaning that z; — 3e<pr <zi; u} > —3¢; and buyer
is a marginal trader at time k; |

(10) my = 1, g;g =1, M =1 .meaning that z; — 3e<pr<zi; —e<ul < — e and
buyer ¢ is a marginal trader at time k.

In conclusion, for b} = py, buyer ¢ may not use up all of his or her wealth, hence,
q; = (reVi_,)/px where r;€(0,1]. Using Eq. (B.10), it follows that, if b} = p,

1ot i

Vi My e+ M X ar+ M X g A-M g) my
V= (1 —rk+rk<P—k>> 7 (B.12)

Therefore, at the end of time period k, bringing together Egs. (B.11) and (B.12)
produces
i gl’(/,cJﬁx,ilkJrH,i(l7M£)y;(lk+H,’<(17M1’()x,’<ak+H1’((l7M,i)x,’<m/(+H]’((l7M,£)g,in1,(
= (i)

k

Vi M y; e+ M X ag-+- M X g +-M gl my ,
X |\ T=re+r|— Vi
k
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One can show inductively that

T
V}:H

k=1 Pk

Vi MLyLl/(+MLx2,ak+M,£x;(mk+MLg2mk .
X1 —re+r| — Vt—l'
Pk

{ < Vk) Gt I+ Hy (1= M)y e+ Hy (1= M) a4+ Hy (1= MO)XE g+ H (- M gl

Let V!, = V), take the logarithm of both sides, and divide by T — 7 + 1

In v 1 a
T i-T—i+ I{Z([gzlk + XLl + HL(L— MOy + HI(L— MY)xiay
k=t

+HL( — MO)Xomg + HL(1— MD)ghmiin < Vk))
Dk

T

+ > Myl + Mixiae + Miximic + Migimi)

f—

t

X ln<1 rk+rk<v—k>>} +1n VO}.
Pk

Furthermore, since In(+) is concave,

ln<1 — ri +rk<v—k>> =1 —rp)In(l) + i ln<v—k> =ri ln(v—k>,
Pk Pk Pk

it follows that

Aoy = 3o (Il + Hi(1 = M)yl + Hi(1 — M{)xmy

CHI(1 - Mg m(&))
Dk

v
+30, |:(M/iy;<lk + My xmy + Mg mp)r 1H(p-’;)} ,

ter = L[y - e )] + L [pgann ()]

Pk
(B.13)

Now, the convergence of 4,7, Ar and A3 are shown, respectively, in Steps 1-3.
Step 1: Since the asset price at time k,py, is a function of zy,z;, ...,z and

1,02, ..., 0-1; and uj,uf, ..., u;, for all t<k; and since wy is independent of
21,22, ..., Zks and @, @y, ..., 013 and up, u; |, ... up, for all 1< k; it follows that oy is

independent of p;. This further implies that wy is independent of ¢! and /;, for all
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t<i<k. This together with Inv; = Inz; + w,, and Proposition 1 in Appendix B
implies that

Air Sp, (gih((nzg — In py) + o))

T—t+1 T—1t+1
ZkT:t (gltclk(ln zx — In py)) Zl{:t (g]tclkE(a)k)) ) .
- T—1+1 + T—_it1 in probability.

(B.14)

Since /; = 1 implies that py <zx — 3¢, Inzx — In pr=In(zi /(2 — 36)) = In(Z/(Z — %e)) >
0. Therefore, this together with E(wy) = 0, implies that Eq. (B.14) becomes

Air Yy (il InG/ —%8)))> L (B.15)

lim Pr >
T— o0 T—t+1 T—t+1
Step 2: For the same reasons as outlined at the beginning of Step 1, the random

shock at time k, wy, is independent of M7, y!,xt, gt, I;, m;, r;, H for all t<i<k. This
together with In vy = In z; + @, and Proposition | in Appendix B implies that,

Ay 1
T—i+1 T—1+1

T
> Okl + Hi(1L = M)yl + Hi(1 = M{)ximy
k=t

+ H{(1 — M))gmy + My, liri + Miximgr + My g myri]
X (In zx — Inpx + i)

1

T
B e ; (6l + HL(1 — MUY + HL(L — MY)xtmy

+ Hy(1 = Mpgimy + Myyiliri + Mpximyry + Mygimyr]
x (Inzy — Inpr + E(wy))) in probability. (B.16)
Now, since E(wy) = 0, and since the equation /, = 1 or my, = 1 implies that p; <z, it

follows that if [, =1 or my =1, then Inz; —Inp;>0. Therefore, Eq. (B.16)
becomes

. Aor
1 Pr| m———=>=0 ) =1. B.17
o r(T— [+ 1 ) (B.17)

Step 3: Similarly, since Invy =Inz; + w; and since wj is independent of
H!,M!, x!,a;, and r; for all 1<i<k, using Proposition 1 in Appendix B,

Asr S AMH( = Mpxia + Mixjagr) (n 2 —Inpy) + E(on)}
T—1+1 T—1t+1
in probability. (B.18)

Since a; = 1 implies py > zi, it follows that if @ = 1, then 0 > In(zx /(px)) > In (z/(Z +
u)); and furthermore, H{(1 — M})x}.ar + M| x}air; <x) and E(w;) = 0. Therefore,
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this together with Eq. (B.18) implies that

Ay LA In@/E+rw)h
(T—z+1> T—t+1 )‘1' (B.19)

lim Pr
T— w0

Using Egs. (B.13), (B.15), (B.17) and (B.19), it follows that

T = /(= =
i pe( Ve S 6k G/~ 3) + 0 /G + W)} +In Vo
T T—1t+1 T—1t+1

= 1. (B.20)

Since gk > g lil}, using Eq. (B.20), Lemma 2 follows. [J

Lemma 3. For any given 0,¢>0, for some positive number c<1 and for any
subsequence ny,na, ...,nr, ...,

nr t 1
Pr< lim <M) =0, for all te®(J,e¢, c)) =1,
T-ow \nr—1t+1

where ©(9,¢,c) is defined in Lemma 1. That is,

z z
O(5,¢,¢) = {buyer t: 605 In <Z——%P> + 6} In (2 - u) >0,

0, >c, eg+e;+eg:1}.

Proof. Lemma 1 implies that for any given J,¢ > 0 and for some positive c¢<1,

Pr(there exists an infinite number of buyers in the set @(d,¢,¢)) =1, (B.21)

z z
O(5,¢,¢) = {buyer t: 605 In (2_%&> + 6} In <Z - u) >0,

05=c, 01+ 05+ 05 = 1}.

where

Now, consider buyer ¢ in the set @(9, ¢, ¢). If the following equation is true,
nr gt t
Pr (lim (ZS—’(I“‘Q“'IS)> =0
T'— nr—t+1
then using Bayes rule, Egs. (B.21) and (B.22) implies that
nr t b
Pr ( lim (M> =0, for all teO(6, e, c)) =1.

T— 0 np—t+1

te O, e, c)> =1, (B.22)
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Therefore, Lemma 3 follows. Now, the following proves Eq. (B.22). The proof is
shown by way of contradiction. Suppose not, then

Pr(there exist a o9 > 0 and a further subsequence n(l),ng, ...,nOT,

of the subsequence ny,n,, ...,nr, ..., such that

0

L(llgtl,
Lozibil) o 5o for all T>1
np —t+1

teO(0,¢, c)) > . (B.23)
Lemma 2 implies that for buyer 1€ ©(d,¢,¢) and at time period nY.,

14 0 0
lim Pr 7 >Enr (Ggsl)y (2 T Sl X In(—=
To o o —t+17 nT—z+1 Z—%g W1 \Ztu

h’lVo
nOTftJrl

te®(d,¢, c)) =1 (B.24)
Consider buyer te @(J, ¢, ¢). Since {u’},, is an i.i.d. random sequence, {x'},-, is an

1.i.d. random sequence. The Strong Law of Large numbers implies that given
te@(9,¢,c),

ZS 25N gt s T oo with probability 1. (B.25)
nT —t+1

Egs. (B.23)—(B.25) imply that

In V’ oz
llm Pr 07>501 ln + Ht ln(
T np—1t+1 zZ— 38 zZ+

Since te O(9, ¢, ¢) implies that for some positive A,

59’1n< - >+0’1n< Z )>/1,
zZ— 3 Z4+u

this together with Eq. (B.26) implies that

In V’
lim Pr —>A
t+1

)

te O, ¢, c))

(B.26)

T— n(%,

te@(9,e, c))

This together with Eq. (B.21) further implies that for any given F >0,

T—- nT

Vt
lim Pr( T F) > 0. (B.27)
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However, since the aggregate profits of all the buyers in any one time period is
bounded from above, the average total wealth of all the buyers across time is also
bounded from above. It follows that the average total wealth of any one buyer across
time is bounded from above. This contradicts Eq. (B.27).

Therefore, Eq. (B.22) must be true. [
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